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The coordinated control of autonomous electric vehicles with in-wheel 

motors is classified as over-actuated control problems requiring a precise 

control allocation strategy. This paper addresses the trajectory tracking 

problem of autonomous electric vehicles equipped with four independent 

in-wheel motors and active front steering. Unlike other available 

methods presenting optimization formulation to handle the redundancy, 

in this paper, the constraints have been applied directly using the 

kinematic relations of each wheel. Four separate sliding mode controllers 

are designed in such a way that they ensure the convergence of tracking 

errors. The lateral controller is also designed to determine the front 

steering angles to eliminate lateral tracking errors. To appraise the 

performance of the proposed control strategy, a co-simulation is carried 

out in MATLAB/Simulink and Carsim software. The results show that 

the proposed control strategy has enabled the vehicle to follow the 

reference path. The tracking errors of longitudinal and lateral positions 

and the velocity are limited to [-2.6, 4] cm, [-4.5, 3.3] cm, and [-0.2, 0.4] 

m/s, respectively and the error signals for the heading angle and yaw rate 

lie in the bounds of ±0.3o and ±2.7o/s, respectively. Furthermore, the 

proposed control system shows promising results in the presence of 

uncertainties including the mass and moment of inertia, friction 

coefficient, and the wind disturbances. 
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1. Introduction 
The market share and ongoing plans of the 

world's major automotive industries prefigure 

that the future generation of transportation is 

autonomous internal combustion and 

autonomous electric vehicles (AEVs) [1]. In 

recent years, numerous environmental crises and 

issues related to the energy economy have 

attracted the attention of governments and 

automotive industries on electrification that have 

increased the demand for electric vehicles [2, 3]. 

In addition, extensive research has been 

conducted and is ongoing to design various 

structures related to the electrical actuators, like: 

steering, braking, and propulsion systems. 

Electric vehicles with in-wheel motors (IWMs) 

have the advantage of applying the torque of 

each wheel, separately. In contrast, the force and 

torque allocation in the front and rear axles of 

conventional vehicles are executed mechanically 

with predefined ratios [4]. Accordingly, the 

number of inputs exceeds the number of desired   
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outputs. Thereby, an over-actuator problem 

arises that requires an intricate control system to 

distribute the torque acting on each wheel. 

Generally speaking, there are two approaches in 

the literature to deal with this problem, including 

the direct and indirect actuators assignment. 

The direct actuator assignment strategy has the 

advantage of real-time calculations, and the 

limitations of actuators can be imposed directly 

[5, 6]. Notwithstanding, simplifications such as 

linearization of the tire model [7], or the vehicle 

dynamics model simplifications may be required 

during controller design [8, 9]. The purpose of 

this kind of controller is either to regulate the 

vehicle states [8] or to track a desired trajectory 

[9]. Nevertheless, some studies assume a 

constant longitudinal speed and focus on the 

design of four-wheel independent steering angle 

controllers [10, 11]. Another advantage of this 

approach is that more numbers of tracking errors 

can be managed independently [12-14], as 

opposed to conventional vehicles, which have 

fewer input variables than outputs and suffer 

from limited authority for controlling the 

tracking errors. 

On the other hand, the indirect actuator 

assignment approach focuses on the force 

distribution among the wheels. Therefore, the 

control inputs in this approach are the 

longitudinal and lateral forces of each wheel. 

The superiority of this approach lies in the 

explicit handling of the tire forces in the control 

system design, which is greatly beneficial in 

predicting and precluding undesirable situations, 

like understeer and oversteer [15]. Most of the 

proposed strategies with this approach utilize a 

hierarchical structure to first track the desired 

motion of the vehicle’s center of gravity (CG), 

which results in the total force and yaw moment 

at and around the vehicle’s CG [16-18]. The 

distribution of these variables among the wheels 

requires a sophisticated optimization scheme. 

The corresponding cost functions for the 

optimization proposed in the literature include 

the squared terms of tire forces in the form of 

inequality and equality constraints [19, 20], the 

sum of longitudinal force utilization of each tire 

[21], the sum of each tire’s dissipated energy 

[22], equal friction usage constraints [17, 18], 

and the weighted sum of the variance and mean 

value of the friction usage of each tire [23-25]. 

One of the drawbacks of these methods is the 

high computational burdens initiated by solving 

the optimization problem. Other disadvantages 

of this approach include the non-convexity of 

constraints and the local minimum. The 

mentioned drawbacks listed for the two 

previously discussed approaches highlight the 

need for more efficient methods [26], which is 

the main motivation of the present work. 

This paper focuses on the design of a robust 

integrated control strategy to determine the front 

steering angle and the torque of each wheel in 

the task of trajectory tracking. The contributions 

of this research are listed as bellow: 

1) Unlike other available methods presenting 

optimization formulation to handle the 

redundancy, in this paper, the constraints 

have been applied directly using kinematic 

relations on each wheel. The limitations 

related to the vehicle dynamics and the 

stability of its motion are considered 

during the design of the reference path, 

curvature, speed, and acceleration profiles 

for the vehicle’s CG on the lane-change 

maneuver. All of these constraints are 

mapped into the wheel’s coordinates using 

the kinematic relations. The proposed 

method enables the AEV to calculate the 

error signals of each wheel without 

intricate time-consuming iterative 

calculations. 

2) To calculate the steering angle of the front 

wheels, a robust sliding mode control 

(SMC) is designed, which is able to 

converge the tracking errors of lateral 

motion and the heading angle of the AEV. 

The steering angle is closely associated 

with the direction of the velocity vector of 

the front wheels and its desired speed 

direction, related to the design of the 

corresponding longitudinal controller. 

3) The proof of stability for both longitudinal 

and lateral controllers, while the AEV is 

following the lane-change reference path, 

is provided by introducing some separate 

Lyapunov functions. 
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The rest of the paper is organized as follows. 

Section 2 describes how the kinematic equations 

of each wheel are extracted. Also, the dynamic 

models used in the design of the longitudinal 

and lateral controller are illustrated, briefly. 

Then, the lane-change reference path to be 

followed is presented. Next, the control 

methodology, including the steering controller 

and the distributed longitudinal controller of 

each wheel, is demonstrated in Section 3. Then, 

the results of the proposed control scheme are 

provided and discussed in Section 4. Also, the 

comparison of the results and the effects of 

uncertainties are presented. The concluding 

remarks and the future path of this research are 

highlighted in section 5. 

 

2. Problem Formulation and Modeling 

In this section, the kinematic model of the 

AEV including the position, velocity, and 

acceleration of each wheel, is described. Also, 

the lateral two degrees of freedom (DOF) 

bicycle model is introduced for the steering 

control design. Furthermore, the reference path 

and the admissible velocity and acceleration 

profiles on the reference path are highlighted. 

 

2.1. Kinematic Model 

Figure 1 shows the 4-wheel kinematic model 

of the AEV. The inertia and body frames are 

shown by (𝑋, 𝑌) and (𝑥, 𝑦), respectively, and 

(𝑥𝑡,𝑖, 𝑦𝑡,𝑖), 𝑖 ∈ {𝑓𝑙, 𝑓𝑟, 𝑟𝑙, 𝑟𝑟} denotes the tire 

frame of the front left, front right, rear left, and 

rear right wheel. The angle between the 

longitudinal direction of the vehicle and the 

direction 𝑥𝑡,𝑖 of the front wheels is the steering 

angle 𝛿𝑓, and the slip angle between the velocity 

vector 𝑉𝐶𝐺 and the longitudinal 𝑥-direction is 

represented by 𝛽. The heading and yaw rate of 

the AEV are indicated by 𝜓 and 𝜓̇, respectively. 

The vector 𝑟𝑖/𝐶𝐺 in Figure 1 express the 

position of the center of each wheel relative to 

the CG. The track width and the distance from 

CG to the front and rear axles are denoted by 𝑤, 

𝑎 and 𝑏. The relative motion concept is used to 

find the position of each wheel, as in (1). 
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Figure 1: Position and orientation for the CG of the 

AEV and the reference path. 

 

𝑅⃗⃗𝑖 = 𝑟𝐶𝐺 + 𝐑𝜓𝑟𝑖/𝐶𝐺 ,   𝑖 ∈ {𝑓𝑙, 𝑓𝑟, 𝑟𝑙, 𝑟𝑟} (1) 

Where 𝑅⃗⃗𝑖 and 𝑟𝐶𝐺 represent the position vector 

of the vehicle's CG and the center of each wheel 

expressed in inertial coordinates, respectively. 

The vectors 𝑟𝑖/𝐶𝐺 denote the position of the 

center of each wheel expressed in the body 

coordinate, according to Figure 1, are given as 

𝑟𝑓𝑙/𝐶𝐺 = [
𝑎
𝑤 2⁄ ],   𝑟𝑓𝑟/𝐶𝐺 = [

𝑎
−𝑤 2⁄ ], 

𝑟𝑟𝑙/𝐶𝐺 = [
−𝑏
𝑤 2⁄

],   𝑟𝑟𝑟/𝐶𝐺 = [
−𝑏

−𝑤 2⁄
], 

(2) 

The rotation matrix 𝐑𝜓 in (1) is obtained from 

the following equation. 

[
𝑋
𝑌
] = 𝐑𝜓 [

𝑥
𝑦] ⟹ 𝐑𝜓 = [

cos𝜓 − sin𝜓
sin𝜓 cos𝜓

] (3) 

The velocity vector of each wheel is calculated 

by taking the time derivative of (1), as bellow 

𝑉⃗⃗𝑖 = 𝑣⃗𝐶𝐺 + 𝐑𝜓 (𝜓⃗⃗
̇
× 𝑟𝑖/𝐶𝐺 + 𝑣⃗𝑖,𝑟𝑒𝑙) (4) 

Where 𝑉⃗⃗𝑖 and 𝑣⃗𝐶𝐺 represent the velocity vector 

of the vehicle's CG and the center of each wheel 

expressed in inertial coordinates, respectively. 

The vector 𝑣⃗𝑖,𝑟𝑒𝑙 denotes the relative velocity of 

the center of each wheel with respect to the body 

coordinate, which is equal to zero, since the 
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relative distance from CG to the center of each 

wheel has a constant value. 

The acceleration vector of each wheel is 

determined by taking twice the time derivative 

of (1), which results in 

𝐴𝑖 = 𝑎⃗𝐶𝐺 + 𝐑𝜓[𝜓⃗⃗
̇
× (𝜓⃗⃗

̇
× 𝑟𝑖/𝐶𝐺)… 

         …+ 𝜓⃗⃗
̈
 × 𝑟𝑖/𝐶𝐺 + 2𝜓⃗⃗

̇
× 𝑣⃗𝑖,𝑟𝑒𝑙 + 𝑎⃗𝑖,𝑟𝑒𝑙] 

(5) 

Where 𝐴𝑖 and 𝑎⃗𝐶𝐺 represent the acceleration 

vector of the vehicle's CG and the center of each 

wheel expressed in inertial coordinates, 

respectively. For the same reason that 𝑣⃗𝑖,𝑟𝑒𝑙 = 0⃗⃗, 

the acceleration 𝑎⃗𝑖,𝑟𝑒𝑙 also becomes zero. 

It is important to note that the position, 

velocity, and acceleration vectors in (1), (4), and 

(5), are expressed in the inertial frame. 

However, in the process of designing the sliding 

surface based on the tracking error of each 

wheel, the error signal includes the difference 

between the actual traveled path and the desired 

traveled path in the coordinates of each tire. 

Therefore, the vectors 𝑅⃗⃗𝑖, 𝑉⃗⃗𝑖, and 𝐴𝑖 must be 

rotated enough to be expressed in the 

coordinates of each tire, without changing the 

amplitude. To fulfill this purpose, the following 

transformations are introduced. 

𝜁𝑖
𝑡 = 𝐑−(𝛿𝑖+𝜓)𝜁𝑖,     𝜁 ∈ {𝑅, 𝑉, 𝐴} (6) 

Where 𝑅⃗⃗𝑖
𝑡, 𝑉⃗⃗𝑖

𝑡, and 𝐴𝑖
𝑡 represent the position, 

velocity, and acceleration vectors on each tire’s 

coordinate. In addition, the steering angle 𝛿𝑖 = 0 

for 𝑖 ∈ {𝑟𝑙, 𝑟𝑟} and 𝛿𝑖 = 𝛿𝑓  for the front left and 

front right wheels in (6). 

 

2.2. Control-oriented Dynamic Models 

The free body diagrams for the lateral 

dynamic model of the vehicle planar motion, 

along with the rotational dynamic of each wheel 

are presented in Figure 2. The bicycle model in 

Figure 2-a, offers a simple representation of the 

vehicle’s rotational and lateral dynamics. 

However, it is not able to capture the dynamic 

load transfer (DLT), nor the roll, pitch, and 

vertical dynamics of the suspension system of 

the vehicle. The longitudinal and lateral forces 

of the central front and rear wheels are shown as 

𝑓𝑥𝑡,𝑖 and 𝑓𝑦𝑡,𝑖, where 𝑓𝑥𝑡,𝑓 = 𝑓𝑥𝑡,𝑓𝑙 + 𝑓𝑥𝑡,𝑓𝑟, 

𝑓𝑥𝑡,𝑟 = 𝑓𝑥𝑡,𝑟𝑙 + 𝑓𝑥𝑡,𝑟𝑟, 𝑓𝑦𝑡,𝑟 = 𝑓𝑦𝑡,𝑓𝑙 + 𝑓𝑦𝑡,𝑓𝑟, and 

𝑓𝑦𝑡,𝑟 = 𝑓𝑦𝑡,𝑟𝑙 + 𝑓𝑦𝑡,𝑟𝑟. The rotational speed of 

each wheel is indicated by 𝜔𝑖 and the driving 

and braking torque of each wheel are denoted by 

𝑇𝑎,𝑖 and 𝑇𝑏,𝑖, respectively. 

Now, assuming the vehicle as a rigid body and 

applying the force and moment balance at and 

around the CG, the lateral equations of the 

motion can be extracted. 

𝑎:     𝑚𝑎𝑦 = [𝑓𝑦𝑡,𝑟 + 𝑓𝑦𝑡,𝑓 cos 𝛿𝑓 … 

                                   …+ 𝑓𝑥𝑡,𝑓 sin𝛿𝑓] 

𝑏:     𝐼𝑧𝑧𝜓̈ = [−𝑏𝑓𝑦𝑡,𝑟 + 𝑎(𝑓𝑦𝑡,𝑓 cos 𝛿𝑓 … 

                                           …+ 𝑓𝑥𝑡,𝑓 sin 𝛿𝑓)] 

(7) 

Where the lateral acceleration is denoted by 

𝑎𝑦 = 𝑦̈ + 𝑥̇𝜓̇ [21]. The relationship between the 

longitudinal and lateral combined slips and the 

DLT model, in order to produce the longitudinal 

and lateral forces applied on each tire, is adapted 

from [27]. This nonlinear combined slip Pacejka 

tire model provides an estimate for the lateral 

force as a function of lateral slip 𝛼𝑖, longitudinal 

slip 𝑠𝑥,𝑖, friction 𝜇, and the normal force 𝐹𝑧,𝑖 
acting on each tire. 

Similarly, the rotational dynamics of each 

wheel are obtained by applying the torque 

balance around the lateral axis 𝑦𝑡,𝑖 in Figure 2-b, 

which results in 

𝐼𝑦𝑡,𝑖𝜔̇𝑖 = −𝑅𝑖𝑓𝑥𝑡,𝑖 + {
𝑇𝑎,𝑖      𝐷𝑟𝑖𝑣𝑖𝑛𝑔 

𝑇𝑏,𝑖     𝐵𝑟𝑎𝑘𝑖𝑛𝑔
 (8) 

Where 𝑅𝑖 and 𝐼𝑦𝑡,𝑖 represent the effective 

radius and mass moment of inertia of each 

wheel. Equations (7) and (8) will be utilized 

later for the design of lateral and longitudinal 

controllers, respectively. 

 

2.3. Reference Trajectory 

Figure 3 illustrates the desired path, including 

a lane change maneuver from the current lane. 
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Figure 2: Free body diagrams, (a) Lateral motion of the AEV, (b) Rotating motion of each wheel. 
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Figure 3: The reference lane-change path, with [Δx, Δy]=[70, 3.7] m. 

According to Figure 3, the lane-change path 

starts with a straight line (i-1) and ends with 

another straight line (6-f), and the middle part of 

the lane-change consists of two consecutive 

elementary paths (1-2-3-m and m-4-5-6). Each 

elementary path consists of two clothoid and one 

arc of a circle, each of which has curvatures 

𝜅(𝑠) = 𝜎𝑠 and 𝜅 = 1 𝑅⁄ , respectively, where 𝑅 

is the radius of the circle and 𝜎 is the rate of 

change of the curvature in the clothoid. To 

acquire the reference longitudinal and lateral 

positions and the reference yaw angle, one can 

integrate the following equations, numerically. 

[

𝜓𝑑(𝑠)

𝑋𝑑(𝑠)

𝑌𝑑(𝑠)
] = ∫ [

𝜅(𝜉)

cos𝜓(𝜉)

sin𝜓(𝜉)
] 𝑑𝜉

𝑠

0

 (9) 

Where 𝑠 ∈ [0, 𝐿𝑝] indicates the path parameter 

and 𝐿𝑝 is the length of each elementary path. 

The remaining steps to design the reference path 

for the lane-change maneuver which leads to 

generating a continuous and smooth path and at 

the same time involves real-time calculations, 

are adapted from [28]. 

Up to this point, a reference lane-change path 

is generated with specified longitudinal and 

lateral positions and the heading angle along the 

path. To determine the quality of navigation, it is 

needed to design the speed and acceleration 

profiles while traveling the reference path. The 

reference path cannot be traveled by any 

arbitrary velocity and acceleration profiles. One 

of the limitations of the design is the curvature 

of the path that the vehicle travels. Another 

constraint is the amount of friction that exists 

between the road surface and the contact patch 

of the tires. Here we assume a point mass model 

for the vehicle, which provides an approximate 

value 𝑎𝑌(𝑠) = 𝑉𝑋
2(𝑠)𝜅(𝑠) for the lateral 

acceleration. Then, the admissible accelerations 

are given in the form of the following constraint. 

[𝑎𝑋
2(𝑠) + 𝑎𝑌

2(𝑠)]1 2⁄ ≤ 𝑎0 = 𝜇𝑔 (10) 

Where 𝜇 shows the average friction coefficient  
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and 𝑔 denotes the gravitational acceleration. 

Therefore, the longitudinal acceleration on the 

path is given by the following equation. 

𝑎𝑋(𝑠)

= min{[𝑎0
2 − (𝑉𝑋

2(𝑠)𝜅(𝑠))2]1 2⁄ , 𝑎𝑋,𝑚𝑎𝑥} 
(11) 

Where 𝑎𝑋,𝑚𝑎𝑥 denotes the maximum 

allowable longitudinal acceleration provided by 

the AEV. This allowable acceleration is set to be 

in the comfort zone of the passenger, as 

described in [29]. Thereafter, with the 

assumption of constant acceleration between 

each of the two points in Figure 3 and 

integrating (11) along the path length 𝑠, the 

speed profile is obtained. In Figure 3, the speed 

of the arc segments (2-3 and 4-5) have a 

constant value 𝑉𝑎𝑟𝑐 = [𝑎0 𝜅𝑎𝑟𝑐⁄ ]1 2⁄ , depending 

on the curvature. Subsequently, two possible 

speed profiles are made corresponding to two 

constant curvatures in the lane-change path. The 

actual speed profile must be selected sufficiently 

small so that during the lane-change path, it has 

a lower value than both of the mentioned speed 

profiles. 

Figure 4 depicts the desired actual speed 

profile and the two possible speed profiles 

𝑉23(𝑠) and 𝑉45(𝑠) corresponding to the constant 

curvatures 𝜅23 and 𝜅45 of the arc segments. It 

becomes apparent that before the point 𝐶 in 

Figure 4, the speed corresponding to the 

curvature 𝜅23 has a lower value and therefore it 

is selected as the actual speed profile in the 

interval 𝑠 ∈ [0, 𝐿𝐶]. However, after the point 𝐶 

on Figure 4, due to the lower speed related to the  

curvature 𝜅45, this curve is selected as the actual 

speed profile, and the corresponding actual 

longitudinal and lateral accelerations are 

selected in a similar procedure. 

 

3. Control Methodology 

The overall scheme of the proposed controller 

including the separate control of the torque 

applied to each wheel and the control of the 

front steering angle of the AEV is shown in 

Figure 5. The longitudinal motion of the vehicle 

is taken into control by four separate SMC each 

of which attempts to fulfill the constraints 

related to the kinematic quantities of each wheel 

described in (1) to (6). These torques are 

designed in such a way that the position and 

velocity of the vehicle's CG converge toward 

their corresponding desired values. Thanks to 

the real-time calculations of this approach to 

applying the constraints, the issues related to the 

computational burden caused by solving an 

optimization problem vanish. Also, the lateral 

and heading errors of the vehicle during the 

motion are made to converge to zero by 

considering the possible uncertainties, using an 

SMC controller. 

 

3.1. Longitudinal Control: Driving / Braking 

Torques 

In To begin with, note that the desired 

kinematic components of each wheel are 

obtained using equations (1) to (6). The sliding 

surface  of each wheel is defined as combination  

 

Figure 4: The desired speed profile 𝑉𝑑(𝑠) and the two possible speed profiles 𝑉23 and 𝑉45, on the lane-change path. 
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Figure 5: The proposed longitudinal and lateral control strategy for trajectory tracking. 

 

of the longitudinal position and velocity errors, 

which gives 

𝑆𝑇,𝑖 = 𝑥̇̃𝑖
𝑡 + 𝜆𝑇,𝑖𝑥̃𝑖

𝑡 

        = (𝑥̇𝑖
𝑡 − 𝑥̇𝑑,𝑖

𝑡 ) + 𝜆𝑇,𝑖(𝑥𝑖
𝑡 − 𝑥𝑑,𝑖

𝑡 ) 
(12) 

Where 𝜆𝑇,𝑖 represents an adjustable control 

parameter, 𝑥𝑑,𝑖
𝑡  and 𝑥̇𝑑,𝑖

𝑡  denote the desired 

longitudinal position and velocity expressed in 

each tire’s coordinates. Then, with the 

assumption of ideal estimation on the sliding 

surface, the time derivative of (12) is set to be 

zero, which results in the following expression 

for the longitudinal acceleration. 

𝑆̇𝑇,𝑖 = 𝑥̈̃𝑖
𝑡 + 𝜆𝑇,𝑖 𝑥̇̃𝑖

𝑡 ⟹ 

            𝑥̈𝑖
𝑡 = 𝑥̈𝑑,𝑖

𝑡 − 𝜆𝑇,𝑖(𝑥̇𝑖
𝑡 − 𝑥̇𝑑,𝑖

𝑡 ) 
(13) 

Now, we must involve the rotational dynamic 

of each wheel in (8) with the longitudinal 

acceleration 𝑥̈𝑖
𝑡 in (13). For this purpose, one can 

utilize the longitudinal slip 𝑠𝑥𝑡,𝑖 which relates 

the linear and rotational velocity of each wheel, 

as bellow. 

𝑠𝑥𝑡,𝑖 = (𝑅𝑖𝜔𝑖 − 𝑥̇𝑖
𝑡) max{𝑥̇𝑖

𝑡, 𝑅𝑖𝜔𝑖}⁄  (14) 

Supplementarily, taking the time derivative of 

(14) yields 

𝑠̇𝑥𝑡,𝑖 =

{
 
 

 
 
𝑅𝑖(𝑥̇𝑖

𝑡𝜔̇𝑖 − 𝑥̈𝑖
𝑡𝜔𝑖)

(𝑥̇𝑖
𝑡)2

   𝑥̇𝑖
𝑡 ≥ 𝑅𝑖𝜔𝑖

(𝑥̇𝑖
𝑡𝜔̇𝑖 − 𝑥̈𝑖

𝑡𝜔𝑖)

𝑅𝑖𝜔𝑖
2        𝑥̇𝑖

𝑡 < 𝑅𝑖𝜔𝑖

 (15) 

Then, solving (15) for 𝜔̇𝑖 and replacing into 

(8), provides the following equation for the 

torque 𝑇𝑖. 

𝑇𝑖 = 𝑅𝑖𝑓𝑥𝑡,𝑖 … 

…+ 𝐼𝑦𝑡,𝑖

{
 
 

 
 
𝑠̇𝑥𝑡,𝑖𝑥̇𝑖

𝑡

𝑅𝑖
+
𝜔𝑖𝑥̈𝑖

𝑡

𝑥̇𝑖
𝑡         𝑥̇𝑖

𝑡 ≥ 𝑅𝑖𝜔𝑖

𝑅𝑖𝑠̇𝑥𝑡,𝑖𝜔𝑖
2 +𝜔𝑖𝑥̈𝑖

𝑡

𝑥̇𝑖
𝑡    𝑥̇𝑖

𝑡 < 𝑅𝑖𝜔𝑖

 
(16) 

Afterward, with the assumption of ideal 

estimation on the sliding surface the longitudinal 

acceleration 𝑥̈𝑖
𝑡 from (13) is replaced in (16), to 

calculate the estimated torque of each wheel as 

in equation (17), and the desired torque input of 

each wheel to involve the parametric and un-

modeled uncertainties [30] is calculated as in 

equation (18).  
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𝑇̂𝑖 = 𝑅𝑖𝑓𝑥𝑡,𝑖 + 𝐼𝑦𝑡,𝑖 {
𝑠̇𝑥𝑡,𝑖𝑥̇𝑖

𝑡 𝑅𝑖⁄ + 𝜔𝑖[𝑥̈𝑑,𝑖
𝑡 − 𝜆𝑇,𝑖(𝑥̇𝑖

𝑡 − 𝑥̇𝑑,𝑖
𝑡 )] 𝑥̇𝑖

𝑡⁄           𝑥̇𝑖
𝑡 ≥ 𝑅𝑖𝜔𝑖

𝑅𝑖𝑠̇𝑥𝑡,𝑖𝜔𝑖
2 𝑥̇𝑖

𝑡⁄ + 𝜔𝑖[𝑥̈𝑑,𝑖
𝑡 − 𝜆𝑇,𝑖(𝑥̇𝑖

𝑡 − 𝑥̇𝑑,𝑖
𝑡 )] 𝑥̇𝑖

𝑡⁄      𝑥̇𝑖
𝑡 < 𝑅𝑖𝜔𝑖

 (17) 

𝑇𝑖 = 𝑇̂𝑖 − 𝐾𝑇,𝑖sgn(𝑆𝑇,𝑖) ≈ 𝑇̂𝑖 − 𝐾𝑇,𝑖
1 − exp(−Φ𝑇,𝑖𝑆𝑇,𝑖)

1 + exp(−Φ𝑇,𝑖𝑆𝑇,𝑖)
 

(18) 

Where sgn(. ) represents the discontinuous 

sign function which is replaced by a sigmoid 

function with a boundary layer of thickness Φ𝑇,𝑖 

due to chattering issues, and 𝐾𝑇,𝑖 denotes the 

control gain. To incorporate the effects of lag in 

the actuators, a first-order transfer function is 

utilized as below. 

𝐺𝐿𝑇,𝑖(𝑠) =
𝑇𝑖
𝑎(𝑠)

𝑇𝑖(𝑠)
=

1

1 + 𝐿𝑇,𝑖𝑠
 (19) 

Where 𝑇𝑖
𝑎(𝑡) stands for the actual torque 

acting on each wheel and 𝐿𝑇,𝑖 is the time 

constant of the lag function. 

 

3.1.1. Proof of Stability 

In the first instance, a positive definite 

function, known as the Lyapunov candidate, is 

introduced for each wheel. 

Γ𝑇,𝑖 =
1

2
𝑆𝑇,𝑖
2 > 0 (20) 

Now, we take the time derivative of (20) and 

then replace 𝑆̇𝑇,𝑖 from (13) in the resulting 

equation, which gives 

Γ̇𝑇,𝑖 = 𝑆𝑇,𝑖[𝑥̈𝑖
𝑡 − 𝑥̈𝑑,𝑖

𝑡 + 𝜆𝑇,𝑖(𝑥̇𝑖
𝑡 − 𝑥̇𝑑,𝑖

𝑡 )] (21) 

One can solve (16) for 𝑥̈𝑖
𝑡 and replace it in 

(21). On the other hand, substituting the torque 

𝑇𝑖  from (18) and the estimated torque 𝑇̂𝑖 from 

(17) into the resulting equation, and some 

mathematical manipulations, gives the following 

equation for Γ̇𝑇,𝑖. 

Γ̇𝑇,𝑖 = 𝑆𝑇,𝑖
𝑥̇𝑖
𝑡

𝐼𝑦𝑡,𝑖𝜔𝑖
[𝑅𝑖(𝑓𝑥𝑡,𝑖 − 𝑓𝑥𝑡,𝑖)… 

                                 …− 𝐾𝑇,𝑖sgn(𝑆𝑇,𝑖)] 

(22) 

Now, in order to justify the convergence of the  

sliding surface 𝑆𝑇,𝑖 to zero, the negative definite 

sliding condition is considered as Γ̇𝑇,𝑖 ≤
−𝜂𝑇,𝑖|𝑆𝑇,𝑖|, where 𝜂𝑇,𝑖 is a positive constant 

parameter to adjust the maximum time to reach 

the sliding surface. In this way, it is guaranteed 

that the candidate function Γ𝑇,𝑖 in (20) is a 

Lyapunov function and the stability of the torque 

controller is proved. In conclusion, by 

considering the upper limit of the uncertainty of 

longitudinal force as |𝑓𝑥𝑡,𝑖 − 𝑓𝑥𝑡,𝑖| < 𝐹𝑖, and 

supremum of 𝐼𝑦𝑡,𝑖𝜔𝑖 𝑥̇𝑖
𝑡⁄  as 𝐺𝑖, the range of 

control gain 𝐾𝑇,𝑖 in (18) is obtained as bellow 

(the bounds of variation for quantities 𝐼𝑦𝑡,𝑖, 𝑥̇𝑖
𝑡, 

and 𝜔𝑖 in 𝐺𝑖 are known). 

𝐾𝑇,𝑖 ≥ 𝐺𝑖𝜂𝑇,𝑖 + 𝑅𝑖𝐹𝑖 (23) 

 

3.2. Lateral Control: Front Steering Angles 

The lateral motion of the AEV is taken into 

control by using the front steering angle 𝛿𝑓. The 

steering angle is designed in such a way that the 

lateral error 𝑦̃ which is a combination of the 

lateral position error and the heading error, 

converges to zero. 

As depicted in Figure 2, the lateral velocity 

error 𝑦̇̃ is defined by the projection of velocities 

of the vehicle’s CG on the path’s coordinates, as 

bellow. 

𝑦̇̃ = 𝑥̇ sin 𝜓̃ + 𝑦̇ cos 𝜓̃ − 0 (24) 

The reason for putting zero on the right-hand 

side of (24) is to emphasize that the desired 

lateral velocity is assumed zero, according to the 

assumption of the point mass model for the 

design of the reference path. 

The heading error is defined as 𝜓̃ = 𝜓 − 𝜓𝑑. 

Then, the sliding surface which is defined as a 

linear combination of the lateral error and its 

derivative is characterized as follows. 
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𝑆𝛿 = 𝑦̇̃ + 𝜆𝛿𝑦̃ = 𝑥̇ sin 𝜓̃ + 𝑦̇ cos 𝜓̃ + 𝜆𝛿𝑦̃ (25) 

Where 𝜆𝛿 is a positive constant parameter. 

Next, assuming an ideal estimation on the 

sliding surface, the time derivative of the sliding 

surface (25) is set to be zero, resulting in 

𝑆̇𝛿 = 0 ⇒ 𝑦̈ = −[(𝑥̇𝜓̇̃ + 𝜆𝛿𝑦̇)… 

                         …+ (𝑥̈ − 𝑦̇𝜓̇̃ + 𝜆𝛿𝑥̇) tan 𝜓̃] 
(26) 

On the other hand, after the multiplication of  

(7-a) by 𝑏, then adding both sides of the 

resulting equation to (7-b), results in 

𝑦̈ = −𝑥̇𝜓̇ −
𝐼𝑧𝑧
𝑚𝑏

𝜓̈ +
𝐿

𝑚𝑏
[𝑓𝑦𝑡,𝑓 cos𝛿𝑓 … 

                                            …+ 𝑓𝑥𝑡,𝑓 sin 𝛿𝑓] 

(27) 

Where 𝐿 = 𝑎 + 𝑏 points out the longitudinal 

distance between the front and rear axles. Now, 

equating both sides of (26) and (27) leads to the 

following relation for the sum of the front 

wheel’s lateral forces. 
 

𝑓𝑦𝑡,𝑓 = −𝑓𝑥𝑡,𝑓 tan 𝛿𝑘−1 +𝑚𝑏
𝑥̇𝜓̇𝑑 +

𝐼𝑧𝑧
𝑚𝑏

𝜓̈ − 𝜆𝛿𝑦̇ − (𝑥̈ − 𝑦̇𝜓̇̃ + 𝜆𝛿𝑥̇) tan 𝜓̃

𝐿 cos 𝛿𝑘−1
 (28) 

The symbol (^) in (28) refers to the estimated 

value of the corresponding variable. Given that 

the steering angle is not specified yet, the 

estimated steering angle one step behind 𝛿𝑘−1 is 

replaced in (28). Recall that the lateral force in 

(7) is a non-linear function of lateral slip, as 

𝛼𝑖 = 𝑔
−1(𝑓𝑦𝑡,𝑓). Therefore, solving the inverse 

dynamics of the front tire of the nonlinear 

bicycle model gives the estimated value of the 

steering angle. 

𝛿𝑓 = 𝑔
−1(𝑓𝑦𝑡,𝑓) + tan

−1(𝑦̇ + 𝑎𝜓̇ 𝑥̇⁄ ) (29) 

It should be emphasized that with the 

assumption of a small steering angle, the lateral 

force of the front wheel lies in the linear region 

so that a linear relation exists between 𝑓𝑦𝑡,𝑓 and 

𝛼𝑓. This assumption will be utilized for the 

proof of stability, later. Now, to incorporate the 

possible uncertainties, the equivalent control 

input of the steering angle is achieved [30]. 

𝛿𝑓 ≈ 𝛿𝑓 − 𝐾𝛿
1 − 𝑒−Φ𝛿𝑆𝛿

1 + e−Φ𝛿𝑆𝛿
 (30) 

Where 𝐾𝛿 stands for the control gain, and the 

sign function is approximated by a sigmoid 

function with a boundary layer of thickness Φ𝛿 

to attenuate the chattering that arose due to the 

switching law. The steering angle acquired in 

(30) is the ideal control input. In order to impose 

the effects of the lag in actuators, the lag transfer  

function 𝐺𝐿𝛿(𝑠) is introduced. 

𝐺𝐿𝛿(𝑠) =
𝛿𝑓
𝑎(𝑠)

𝛿𝑓(𝑠)
=

1

1 + 𝐿𝛿𝑠
 (31) 

Where 𝐿𝛿 denotes the time constant of the lag 

function and 𝛿𝑓
𝑎(𝑠) is the actual steering angle. 

 

3.2.1. Proof of Stability 

We consider a positive definite function Γ𝛿 as 

bellow. 

Γ𝛿 =
1

2
𝑆𝛿
2 > 0 (32) 

Taking the time derivative of (32), then 

replacing 𝑆̇𝛿 from (26) into the resulting 

equation, gives 

Γ̇𝛿 = 𝑆𝛿[𝑦̈𝜓̃ + (𝑥̈ − 𝑦̇𝜓̇̃ + 𝜆𝛿𝑥̇) sin 𝜓̃ … 

                              …+ (𝑥̇𝜓̇̃ + 𝜆𝛿𝑦̇) cos 𝜓̃] 
(33) 

The acceleration 𝑦̈ from (27) and the front 

lateral force 𝑓𝑦𝑡,𝑖 from (28), both are substituted 

into (33). On the other hand, replacing the 

steering angle 𝛿𝑓 from (30) and the estimated 

lateral force 𝑓𝑦𝑡,𝑖 from (28) in the resulting 

equation, and some mathematical manipulations 

provide the following equation for Γ̇𝛿. 
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Γ̇𝛿 = 𝑆𝛿
𝐿

𝑚𝑏
cos 𝜓̃ sin𝛿𝑘−1 [(𝑓𝑥𝑡,𝑓 − 𝑓𝑥𝑡,𝑓) 

                      …− 𝐾𝛿𝐶𝛼,𝑓 cot 𝛿𝑘−1 sgn(𝑆𝛿)] 

(34) 

Now, considering the sliding condition as 

Γ̇𝛿 ≤ −𝜂𝛿|𝑆𝛿| the convergence of the sliding 

surface 𝑆𝛿 to zero is guaranteed, where 𝜂𝛿 

represents a positive constant parameter. In 

addition, the negative definiteness of Γ̇𝛿 is 

reserved, and the candidate function Γ𝛿 in (32) is 

a Lyapunov function which consolidates the 

stability of the steering controller. 

Suppose that the upper limit of the uncertainty 

of front longitudinal force is |𝑓𝑥𝑡,𝑓 − 𝑓𝑥𝑡,𝑓| ≤ 𝐹𝑓, 

and the lower bound of cornering stiffness is 

𝐶𝑚𝑖𝑛. The range of control gain 𝐾𝛿 in (30) is 

obtained as below. 

𝐾𝛿 ≥ 𝐶𝑚𝑖𝑛
−1 (𝐹𝑓 +

𝑚𝑏

𝐿
𝜂𝛿) (35) 

4. Simulation Results and Analysis 

4.1. Simulation Setup 

The performance of the proposed control 

system is appraised by using a co-simulation in 

MATLAB\Simulink and Carsim software. 

The AEV in Carsim not only incorporates the 

longitudinal and lateral motion of the vehicle, 

but also takes the DLT, experimental tire model, 

ride, pitch, roll, and other dynamics of the AEV 

into account. The vehicle in the Carsim software 

accommodates the whole actuators related to a 

D-Class SUV, including the four-wheel 

independent drive, independent brake, and front 

steering angles. 

The parameters and dimensions of the AEV 

used in simulations are presented in Table 1, and 

Table 2 provides a list of the parameters have 

been utilized in the SMC controllers. 

 

 

Table 1: List of the vehicle parameters. 

Symbol Quantity Description Values 

𝑚 Vehicle mass 2009 kg 

𝑚𝑠 
Sprung mass 1809 kg 

𝐼𝑧𝑧 Vehicle mass moment of inertia 2000 kg.m2 

𝐼𝑦𝑡,𝑖  Mass moment of inertia of each wheel 0.9 kg.m2 

𝑎 Distance from CG to the front axle 1.56 m 

𝑏 Distance from CG to the rear axle 1.18 m 

𝑤 Track width 1.63 m 

ℎ𝐶𝐺  The vertical distance from CG to ground 0.47 m 

𝑅𝑖  The effective radius of each tire 0.35 m 

𝑔 Gravitational acceleration 9.81 m/s2 

𝐶𝑥,𝑖  Longitudinal stiffness of each tire 95.3 kN 

𝐶𝛼,𝑖 Cornering stiffness of each tire 55.05 kN/rad 

 

Table 2: Controller parameters in Simulations. 

Symbol Quantity Description Values 

𝜆𝑇,𝑖 , 𝜆𝛿  Sliding surface parameters of SMCs 0.5 Hz , 0.5 Hz 

𝜂𝑇,𝑖 , 𝜂𝛿 Reaching time parameters of SMCs 5 m/s2 , 2 m/s2 

Φ𝑇,𝑖 , Φ𝛿  Boundary layer thicknesses of SMCs 1 s/m , 1 s/m 

𝐿𝑇,𝑖 , 𝐿𝛿  Time constants of the lag functions 0.15 s , 0.15 s 
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4.2.Validation and Comparison of the Results 

The 7-DOF model of the vehicle in MATLAB 

is validated with its counterpart in the Carsim 

software. The model performance is evaluated in 

a sinusoidal maneuver, considering yaw rate and 

lateral acceleration. The results of yaw rate 

angles and lateral accelerations, considering the 

sine with dwell test [31], are presented in Figure 

6. The initial velocity of the vehicle is set to be 

70 km/h and the front steering angle includes 

three-quarters of a sine wave with the frequency 

of 0.7 Hz and magnitude of 5π/180 rad, with a 

0.5 s dwell. 

The responses of lateral accelerations and yaw 

rates in Figure 6 have identical patterns which 

indicate good agreement between the 7-DOF 

model and the Carsim. While applying the sine 

with dwell steering input, the main reason for 

differences is that the vehicle's ride dynamics 

and pitch and roll effects are not included in the 

equations of the 7-DOF model and only the 

handling and wheel rotation dynamics are 

considered. 

To evaluate the tracking performance of the 

proposed control system, the root mean square 

of errors and the maximum absolute value of the 

errors (MAEs) are compared with one of the 

optimization-based studies. The RMSE for the 

error signal 𝑒 is defined as (∑ 𝑒𝑖
2 𝑁⁄𝑖 )

1/2
, where 

𝑁 stands for the number of measurements. Two 

closed-loop control systems including the same 

reference path and the same Carsim AEV model, 

are simulated at the same time and the only 

different part is the controller block. 

Table 3 represents the functionality of the 

proposed control system compared with the one 

in [32] which benefits from an optimization-

based strategy. It can be observed that both 

controllers have shown good performance in 

following the reference path of lane-change. The 

RMSEs of the velocity error, longitudinal and 

lateral position errors have been better in our 

work. Although, the tracking performance of 

heading angle and yaw rate of [32] show better 

results. 

 

4.3. Simulation Results and Discussion 

Figure 7 demonstrates the capability of the 

proposed control system in the task of trajectory 

tracking.  As in Figure 7,  by using the proposed  

 

 
 

(a) (b) 

Figure 6: Validation of the 7-DOF model in MATLAB/Simulink with Carsim. (a) Yaw rate (b) Lateral acceleration. 
 

Table 3: Comparison of the results, including RMSEs and MAEs). 

Controller 𝑒𝑋 (m) 𝑒𝑌 (m) 𝑒𝑉 (m/s) 𝑒𝜓 (o) 𝑒𝜓̇ (o/s) 

 MAE RMSE MAE RMSE MAE RMSE MAE RMSE MAE RMSE 

Present Work 0.0265 0.0170 0.0470 0.0273 0.1547 0.1480 0.0596 0.0390 0.5575 0.2806 

Reference [32] 0.0403 0.0232 0.2480 0.0617 0.3875 0.4356 0.224 0.0353 2.678 0.1519 
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Figure 7: The reference path (ref) and the actual path (act) of each wheel, during the lane-change maneuver. 

integrated controller each of the wheels follows 

the desired longitudinal and lateral position and 

the desired heading angle calculated by the 

kinematic constraints, while preserving the 

stability of the motion. At the beginning of the 

motion, the longitudinal and lateral position of 

the CG of the AEV is at the origin and over 

time, the two right wheels and the two left 

wheels track almost the same corresponding 

path obtained from kinematic relations. 

All of the longitudinal and lateral errors are 

shown in Figure 8. As can be observed in Figure 

8, the proposed controller enables the AEV to 

track the desired values of longitudinal and 

lateral position, velocity, heading angle, and yaw 

rate. In the transitional regions between the 

straight line, the clothoid, and the circular arc, 

the tracking errors demonstrate divergent 

behavior and tend to increase. However, the 

proposed controller identifies the parametric and 

modeling uncertainties causing the error 

divergence and makes them converge, which can 

be observed more clearly in Figure 8-b and 

Figure 8-d. As can be seen in Figure 8, the errors 

of the longitudinal and lateral positions and the 

velocity are limited to [-2.6, 4] cm, [-4.5, 3.3] 

cm, and [-0.2, 0.4] m/s, respectively. The error 

signals for the heading angle and yaw rate lie in 

the bounds of ±0.3o and ±2.7o/s, respectively. 

The results show that despite uncertainties of un-

modeled dynamics occurring due to modeling of 

AEV in Carsim software and the lack of 

guarantee of accurate actuator commands, the 

proposed controller is capable of converging 

errors toward zero. 

The side slip angle of the AEV and lateral slip 

of each wheel along with the lateral force acting 

on each wheel in terms of path parameter 𝑠 are 

shown in Figure 9. The right and left wheels of 

the front and rear axles have almost the same 

values of side slip and lateral force which 

validate the lateral dynamic model. Also, the 

small values of the slip angles illustrate that the 

tires are preserved in the linear region, which 

results in a good stability performance and 

reasonable torque distribution. As in Figure 9-b, 

in the first elementary path (10 to 35 m of the 

path), the rear slip angles take negative values 

and according to the nonlinear Pacejka 

combined slip tire model [27], the amount of 

theoretical lateral slip will become a positive 

value, therefore the control system provides 

large positive lateral forces for the rear wheels to 

compensate for the mentioned lateral slips. In 

the arc segments (17 to 29 m and 42 to 54 m of 

the path), the motion takes place on a constant 

curvature which demands a constant speed and 

as a result, generates constant lateral 

acceleration which needs pure cornering that 

requires an increasing lateral force. Then, the 

highest amount of lateral forces of the wheels in 

Figure 9-a, occurs on the mentioned arc 

segments of the path, as expected. 

The control inputs to the AEV including the 

front steering angle and the driving or braking 

torques of each wheel are presented in Figure 10 

and Figure 11, respectively. The lateral position 

error and the heading angle error of the AEV in 

the first and second elementary paths (10 to 35 

m, and 35 to 60 m of the path) have negative and 

positive values, demanding positive and 

negative front steering angles to compensate 

these lateral errors, as in Figure 10. 

Due to the initial zero value of the torque of 

each wheel, these torques tend to a steady value 

after passing a transient range in the straight 
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segment (0 to 10 m of the path), as shown in 

Figure 11. The straight segments (0 to 10 m and 

60 to 70 m of the path) demand pure braking and 

pure acceleration without any need to steering, 

which is justified in Fig. 10 and Figure 11. The 

arc segments (17 to 29 m and 42 to 54 m) 

demand only the steering angle. The combined 

driving /braking torque and front steering angle 

are anticipated for the clothoid segments (10 to 

17 m, 29 to 42 m, and 54 to 60 m of the path), 

which is justified in Fig. 10 and Figure 11. 

Any circumstance that affects the vehicle’s 

DLT and changes the position of the CG, may 

cause instability of the vehicle’s motion in path 

tracking. The addition of one or more passengers 

to the AEV causes uncertainty in the inertial 

parameters, like mass and moments of inertia of 

the vehicle. 

First, the case is investigated in which the 

AEV undergoes an uncertainty in the mass. A 

situation where four passengers on the front and  

 
 

  
(a) (b) 

 
 

(c) (d) 

Figure 8: Tracking performance of the AEV. (a) Lateral position, (b) Velocity, (c) Heading angle, (d) Yaw rate. 

 

 
(a) 
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(b) 

Figure 9: The lateral forces and slips. (a) Side slip angle 𝛽 and slip angles 𝛼𝑖 of the front and rear wheels, (b) 

Lateral forces generated by each wheel. 

 

 

Figure 10: The front steering angle input 𝛿𝑓. 

 

 

Figure 11: The driving / braking torque inputs 𝑇𝑖  of each wheel. 
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back seats, and one payload in the trunk, each of 

weight 80 kg are added to the AEV in Carsim 

software. In the second case, a wind disturbance 

with amplitude of 50 km/h, and heading 90o to 

left and then 90o to right side of the AEV is 

imposed. And for the third case, we examined 

the change of friction coefficient between the 

road surface and the contact patch of each tire of 

the AEV, in the range of 0.6 to 0.85. 

The performance of the proposed control 

system in the presence of the mentioned 

uncertainties is examined. It is necessary to 

emphasize that the maximum values of the 

parametric uncertainties in mass, wind, and 

friction coefficient cannot be unbounded, and we 

run the simulation until we can find the largest 

possible extent of uncertainties that the control 

system is still able to perform the task of path 

following with acceptable errors. 

Figure 12 indicates the robust performance of 

the proposed integrated control system which 

demonstrates the quality of trajectory tracking 

with maximum allowable tracking errors, in the 

presence of uncertainties. As can be observed in 

Figure 12, the proposed controller is able to 

handle the parametric uncertainties and also is 

able to keep the maximum amplitude of tracking 

errors within admissible ranges. 
 

 
 

(a) (b) 

  
(c) (d) 

Figure 12: The results of tracking errors in the presence of wind, friction, and mass uncertainties. (a) Position 

errors, (b) Velocity errors, (c) Heading angle errors, (d) Yaw rate errors. 
 

5. Conclusions 

The main purpose of this paper is to design a 

control system that assigns the individual torque 

for each wheel of the AEV along with the front 

steering commands to follow a reference path. 

To fulfill this purpose, a Kinematic-based 

approach is proposed for the actuator constraints 

of each wheel. The simulation results show the 

capability of the proposed controller in path 

following task, and ensure the stability of the 

control system. In addition, the proposed SMCs 

generate the driving or braking torque of each 

wheel in presence of parametric uncertainties. 
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The advantage of this method is to ignore 

iterative optimization techniques proposed in the 

literature. Furthermore, the calculations in the 

process of control design are based on the data 

that can be measured by sensors or estimated by 

the mathematical models. The future path of this 

study is to develop and analyze different control 

methodologies, including robust, optimal, fault 

tolerant, etc., in the task of trajectory tracking in 

various road conditions and various driving 

states. 
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